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1. Introduction

Nowadays, one of the main tools in the arsenal of economists
concerned with equilibrium existence is Reny’s (1999) theorem,
according to which a compact Borel game has a mixed strategy
Nash equilibrium if its mixed extension is better-reply secure.! In
applications, better-reply security usually follows from two condi-
tions: one related to reciprocal upper semicontinuity and the other
to payoff security.

Establishing the payoff security of a game’s mixed extension
often constitutes a complicated problem. The concept of uniform
payoff security, introduced by Monteiro and Page (2007), makes
the problem considerably more tractable in games where it is
applicable, including catalog games (Page and Monteiro, 2003)
and voting models (Carbonell-Nicolau and Ok, 2007).2 Verifying
whether a game that is not upper semicontinuous-sum has a
better-reply secure mixed extension is, as a rule, quite challeng-
ing. This paper’s main focus is on studying the existence of a mixed

* Corresponding author. Tel.: +380 44 492 8012; fax: +380 44 492 8011.

E-mail addresses: pprokopo@gmail.com, prokop@kse.org.ua (P. Prokopovych),
nicholasyannelis@gmail.com (N.C. Yannelis).

1" A number of results extending Reny’s equilibrium existence theorem have been
obtained recently (see, e.g., Barelli and Meneghel, 2013; Bich, 2009; Carmona, 2011;
de Castro, 2011; McLennan et al., 2011 and Reny, 2013).

2 Another approach to showing the payoff security of mixed extensions can
be found in Duggan (2007), where hospitable strategies are used for studying
equilibrium existence in voting models.
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strategy Nash equilibrium in normal form games where the sum of
the payoff functions is not necessarily upper semicontinuous.

We begin with considering the games having a diagonally trans-
fer continuous mixed extension, appealing to the analogy with the
better-reply secure mixed extensions. Baye et al. (1993) showed
that the existence of a pure strategy Nash equilibrium in diagonally
transfer continuous games follows from a generalization of the
Knaster-Kuratowski-Mazurkiewicz (KKM) lemma.> In Section 2 of
this paper, the Ky Fan minimax inequality, in a slightly generalized
form, is used to prove that every compact Borel game whose mixed
extension is diagonally transfer continuous has a mixed strategy
Nash equilibrium. The range of applications of this basic result
is considerably broader than that of Glicksberg’s (1952) equilib-
rium existence theorem — whose proof is based on the Kakutani-
Fan-Glicksberg fixed point theorem. In particular, the mixed
extension of a game is diagonally transfer continuous if the fol-
lowing two conventional assumptions hold: the extension is payoff
secure and the game is upper semicontinuous-sum. Then, in Sec-
tion 3, we extend the concept of uniform payoff security to diago-
nally transfer continuous games by introducing uniform diagonal
security. In the upper semicontinuous-sum games, uniform payoff
security implies uniform diagonal security. At the same time, if a
compact Borel game is uniformly diagonally secure, it has a mixed

3 The first part of this paper contains a number of results first presented in our

2012 working paper “On Uniform Conditions for the Existence of Mixed Strategy
Equilibria”.
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strategy Nash equilibrium, which makes it possible to avoid having
to study any additional properties of the game’s mixed extension.

Example 1 is a slight modification of the Tullock rent-seeking
game where it is additionally assumed that the favor the players
vie for is granted to a third party with probability one-halfif at least
one player exerts no effort at all. Notwithstanding the fact that the
game is not better-reply secure, it is not only diagonally transfer
continuous, but also uniformly diagonally secure; that is, the game
has a mixed strategy Nash equilibrium.

In Section 4, we adapt Simon’s (1987) concept of weak domina-
tion on average to our setting by introducing weak uniform pay-
off security, a generalization of uniform payoff security. Using this
concept, we construct a better-reply secure two-person game with
a payoff secure mixed extension that has no mixed strategy equi-
libria (Example 2).

In Section 5, we study the existence of a mixed strategy equi-
librium in reciprocally upper semicontinuous games that are uni-
formly payoff secure. In such games, the equilibrium existence
problem becomes considerably more tractable if it is possible to
transform the game into an upper semicontinuous-sum game with
the aid of positive affine transformations,* which, in particular, im-
plies that the game also has a reciprocally upper semicontinuous
mixed extension. In Example 3, this technique is applied to a con-
ventional two-candidate probabilistic spatial voting game. Theo-
rems 5 and 6 give geometric sufficient conditions for games that
are reciprocally upper semicontinuous and uniformly payoff se-
cure to have a better-reply secure mixed extension.

The Appendix contains a number of auxiliary results, deferred
proofs, and some comments regarding Theorem 5b of Dasgupta
and Maskin (1986).

2. The model and some facts

We consider a game G = (X;, u;);c;, wherel = {1, ..., n}, each
player i's pure strategy set X; is a nonempty, compact subset of a
metrizable topological vector space, and each payoff function u; is
a bounded Borel measurable function from the Cartesian product
X = I X;, equipped with the product topology, to R. Under these
conditions, G = (X;, ;)i is called a compact Borel game. A game
G = (Xi, uj)ie is quasiconcave if each X; is convex and u;(-, x_;) :
X; — R is quasiconcave for alli € I and all x_; € X_;, where
X_i = Hyep iy Xx- In this paper, by a game we mean a compact Borel
game.

The following definition of a payoff secure game is due to Reny
(1999).

Definition 1. In G = (X;, u;);;, player i can secure a payoff of
o € Ratx e X if there exists d; € X; such that u;(di,x,) > «
for all x__; in some open neighborhood of x_;. The game G is payoff
secure if for every x € X and every ¢ > 0, each player i can secure
a payoff of u;j(x) — ¢ at x.

Payoff security can be reformulated in terms of transfer lower
semicontinuity, due to Tian (1992).

Definition 2. Let Z and Y be two topological spaces. A function
f :Z xY — Ris A-transfer lower semicontinuous in y if for
every (z,y) € Z x Y,f(z,y) > X implies that there exists some
point z € Z and some neighborhood .47 (y) of y in Y such that
f(@,w) > Aforallw € Ay (y).Afunctionf : ZxY — Ristransfer
lower semicontinuous in y if f is A-transfer lower semicontinuous
iny for every A € R.

4 Using a similar approach, Amir (2005) gives examples of Cournot oligopolies
possessing the cardinal complementarity property where the other complemen-
tarity conditions are ineffective.

A game is payoff secure if and only if each player’s payoff
function is transfer lower semicontinuous in the other players’
strategies (see Prokopovych, 2011, Lemma 1).

The graph of G is defined by GrG = {(x,u) € X x R" | u;(x) =
uy; for all i € N}, and the set of pure strategy Nash equilibria of G in
X is denoted by E;. For a subset B of a topological vector space X,
we denote by cIB the closure of B and by coB the convex hull of B.
In a metric space Y, we denote by By (y, r) the open ball centered
at y and with radius r > 0.

Definition 3. Agame G = (X;, u;);¢ is better-reply secure if when-
ever (x*, u*) € clGrG and x* € X \ Eg, some player i can secure a
payoff strictly above u; at x*.

A useful fact is that a payoff secure game is better-reply secure
iff it is also transfer reciprocally upper semicontinuous (see Bagh
and Jofre, 2006 and Prokopovych, 2011, Lemma 2).

Definition 4. A game G = (X;, u;);¢ is: (i) reciprocally upper semi-
continuous if for any (x, @) € clGrG \ GrG, there is a player i such
that u;(x) > «;; (ii) weakly reciprocally upper semicontinuous if
whenever (x, «) € clGrG\ GrG, there are a playeriand d; € X; such
that u;(d;, x_;) > «;; (iii) transfer reciprocally upper semicontinu-
ous if whenever (x, «) € clGrG \ GrG and x is not a Nash equilib-
rium, there are a player i and d; € X; such that u;(d;, x_;) > «;.

It is clear that every weakly reciprocally upper semicontinuous
game is transfer reciprocally upper semicontinuous.

Reny’s (1999) equilibrium existence theorem states that every
compact, quasiconcave, better-reply secure game has a Nash
equilibrium in pure strategies.

Theorem 1 (Reny, 1999).If G = (X;, u;)ie; iS compact, quasiconcave,
and better-reply secure, then it possesses a pure strategy Nash
equilibrium.

Another approach to studying equilibrium existence in discon-
tinuous games is based on the concept of diagonal transfer conti-
nuity, due to Baye et al. (1993).

For G = (X;, u;)ie;, define the following aggregator functions:

Ac:X xX >R byAc(d,x) =Y ui(di, xp),

iel
where, as usual, the —i subscript on x stands for “all players
excepti”,

AL X >R byANR) =Y ui(x),

iel
and
Fo:X xX = R byFs(d,x) = Ac(d, x) — A2(x).

A strategy profile x € X is a Nash equilibrium of G iff Fs(d, x) <
Oforalld € X.

Definition 5. A game G = (X;, u;);¢s is diagonally transfer contin-
uous if forevery x € X\ Eg, there exist some d € X and some neigh-
borhood .44 (x) of x in X such that F;(d, z) > 0 forall z € % (x).

It is worth noticing that G is diagonally transfer continuous iff
F; is O-transfer lower semicontinuous in x.
. . . O .
. Every payoff secure game with an upper semicontinuous A¢ is
diagonally transfer continuous.

Lemma 1. If, in a game G = (Xi, u;)ie;, each u; : X — R is transfer
lower semicontinuous in x_; and the aggregator function Ag :X—>R
is upper semicontinuous, then G is diagonally transfer continuous.
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For convenience, the proof of Lemma 1 is given in the Appendix.

Now we define the mixed extension I'(G) of a game G =
(Xi, uj)ier. Denote by A(X;) the set of Borel probability measures on
X; and by ca(X;) the set of Borel signed measures with finite total
variation on X;. A basic open neighborhood of u; € ca(X;) in the
weak topology on ca(X;) is a set of the form

/ Fdv — dao)

for some continuous f; : X; — R,j = 1,...,m,and ¢ > 0.
The set ca(X;) is a Hausdorff topological vector space equipped
with the weak topology. The topology induced on A(X;) by the
weak topology is compact.> Let each of the Cartesian products
ca(X) =ca(Xy) x --- x ca(Xy) and AX) = AXq) X --- x AXp)
be equipped with the product topology. The set ca(X) is a Haus-
dorff topological vector space in which the operations of addi-
tion and scalar multiplication are defined as follows: for © =
(1, ..., un) € ca(X) and ¢ € R the scalar multiplication of u
by « is the element o given by o = (apeq, .. ., ¢ pty). The addi-
tionof u = (w1, ..., up) € caX)andv = (vq,...,v,) € caX)
givesiu +v = (U1 + v, ..., dn + Vp).

The mixed extension of the game G is the n-player normal form
game I'(G) = (A(X)), Uj)icr, where A(X;) is player i’s strategy set
and player i’s payoff function U; : A(X) — R is defined by

UI(M):f / / u,-(x1,...,x,,)dm...dun.
X1 4 X2 Xn

For the game I'(G), we also define the aggregator functions
Ar@ @ AX) X AX) — R,AYg @ AX) — R, and Fr :
A(X) x A(X) — R (see the corresponding definitions for G).

{vi € ca(X;) :

<8,j:1,...,ml

Theorem 2. If the mixed extension I (G) of a game G = (X, U;)ies
is diagonally transfer continuous, then G possesses a mixed strategy
Nash equilibrium.

Proof. The set A(X) is a compact, convex subset of ca(X). Consider
the aggregator function Fr ) (o, ) : A(X) x A(X) — R. Since
Fr) is linear in o and O-transfer lower semicontinuous in w,
the mixed extension I"(G) of G has a Nash equilibrium in pure
strategies by the Ky Fan minimax inequality (see Lemma 4 in the
Appendix). ®

Another proof of Theorem 2 can be obtained by using the fact
that every diagonally transfer continuous mixed extension has the
single deviation property (see, for some details, Reny, 2009, 2011
and Prokopovych, 2013).

Since the upper semicontinuity of Ag implies the upper semi-
continuity of A(}(G , verifying whether a game has a mixed strat-
egy Nash equilibrium usually means verifying the following two
properties: (a) the upper semicontinuity of the sum of the pay-
off functions; and (b) the payoff security of its mixed extension. If
these properties hold, the mixed extension of the game is not only
better-reply secure but, by Lemma 1, diagonally transfer continu-
ous. For example, this is the case for the all-pay auction games with
homogeneous valuations (see Baye et al., 1996 and Monteiro and
Page, 2007). It is also clear that every game whose payoff functions
are continuous has a diagonally transfer continuous mixed exten-
sion since the mixed extension itselfis a continuous game (see, e.g.,
Aliprantis et al., 2006).

The diagonal transfer continuity of a game does not imply that
its mixed extension is diagonally transfer continuous. For example,

5 In order to make A(X;) a subset of a linear space, we embed it in the space
ca(X;) of signed measures with finite total variation on X;. Sometimes it is possible
to proceed without the embedding. See, for example, the proof of the compactness
of the set of probability measures given by Glycopantis and Muir (2004).

Sion and Wolfe’s (1957) zero-sum game is payoff secure (see
Carmona, 2005) and its aggregator function A is constant. Thus,
the game is diagonally transfer continuous by Lemma 1. However,
since the game has no mixed strategy Nash equilibria, its mixed
extension is not diagonally transfer continuous.

3. Uniform diagonal security

An easily verifiable condition for the mixed extension of a
game to be payoff secure is that of uniform payoff security, due
to Monteiro and Page (2007).

Definition 6. A game G = (X;, u;);¢ is uniformly payoff secure if
for eachi € I, every x; € X; and every ¢ > 0, there is d;(x;, &) € X;
such that forevery x_; € X_;, u;(d;(x;, €), w_;) > u;(x;, x_;) — € for
all w_; in some open neighborhood .#x_,(x_;) of x_; in X_;.

We will omit the arguments x; and ¢ of d; if there is no
ambiguity. Another useful definition is the following: in G =
(X, u;)ie1, player i's payoff function u; : X; x X_; — R is said
to be uniformly transfer lower semicontinuous in x_; at x; € X;
if for every ¢ > 0, there is d; € X; such that, for every x_; €
X_i, there exists a neighborhood .45 ,(x_;) of x_; in X_; such that
Ll,'(d,', w_,-) > Ll,'(X,‘, X_i) — e forall w_; € ,/16(71. (X_,').

The mixed extension of a uniformly payoff secure, upper
semicontinuous-sum game is both better-reply secure and diag-
onally transfer continuous.

Corollary 1. If G = (Xj, u;)ies is uniformly payoff secure and its
aggregator function Ag is upper semicontinuous, then the mixed
extension I'(G) is diagonally transfer continuous, and, therefore, G
possesses a mixed strategy Nash equilibrium.

The notion of a uniformly payoff secure game can be extended
to diagonally transfer continuous games.

Definition 7. Agame G = (X;, u;)es is uniformly diagonally secure
ifforeveryd € X andeverye > 0,thereisd € X such that for every
x € X, Fe(d, w) > Fg(d, x)—& for all w in some open neighborhood
A% (x) of xin X.

An upper semicontinuous-sum game G is uniformly diagonally
secure if it is uniformly payoff secure.

Lemma 2. If a game G = (X, u;)ig is uniformly payoff secure and
the aggregator function Ag : X — R s upper semicontinuous, then G
is uniformly diagonally secure.

Proof. Fixd € X and ¢ > 0. By the uniform payoff security of
G, for each i € I, there is a deviation strategy d; € X; such that,
for every x_; € Xy, ui(d;, w—;) > ui(di, x—;) — 5, forall w_; in
some open neighborhood .75 _;(x_;) of x_; in X_;. Denote ./1&1 x) =
Nier{Xi x A%_,(x_)} for x € X. Then Ag(d, w) > Ag(d, x) — % for
all w € Jig(l (x). Since the function —Ag is lower semicontinuous
on X, for every x € X there exists a neighborhood ,/1§<2 (x) such
that —A2(w) > —A2(x) — & for all w € .#Z(x). Then for every
x € X,Fo(d, w) > Fo(d,x) — e forallw € A4 (x) N 42 (x). m

Theorem 3. Ifa game G = (X;, u;)ic is uniformly diagonally secure,
then its mixed extension I' (G) is diagonally transfer continuous, and,
therefore, G possesses a mixed strategy Nash equilibrium.

The proof of Theorem 3 follows the lines of the proof of Theorem
1 of Monteiro and Page (2007) and is given in the Appendix.

The concept of uniform diagonal security might be of help
in studying equilibirum existence in games whose aggregator
function Ag is not upper semicontinuous.
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Example 1. Consider a slight modification of the rent-seeking
game due to Tullock (1980). Two players simultaneously bid for
a political favor commonly known worth V dollars. Their bids,
denoted by x; and x,, influence the probability of receiving the
favor. Player i’s strategy set is the segment [0, V]. Let m;(x1, X2)
denote the probability that player i wins. The function 7;, called
player i’s contest success function, is specified as follows:

1
Z ifX] =Xy = 0,
1 .
]'[i(xi’ X—i) = 5 le,' > X_j = 0,
r
——— otherwise,
X+ X,

where r > 0. Player i's payoff function u; is
u;(X;, x_;) = (X, X))V — X;.

The only difference of the model from the Tullock rent-seeking
game is the assumption that if the lowest bid submitted is equal
to zero (or, in other words, at least one player exerts no effort at
all), the favor may be granted to a third party with probability
one-half. Consequently, the aggregator function Ag is not upper
semicontinuous.

Let, for specificity, V = 2 and r = 3. In this case, the game has
no pure strategy Nash equilibria (see, for a related discussion, Baye
et al.,, 1994). For example, one can check that the only candidate
point for being an interior solution is (1.5, 1.5), a strategy profile
where both players get negative expected payoffs. However, each
of them can avoid getting a negative payoff by bidding zero.

To verify that the game is not better-reply secure, consider the
sequence {x*} with x* = (¢, 1) fork = 1,2, .... Then the corre-
sponding sequence of payoff vectors {(u;(x*), u,(x¥))} converges
to (1, 1). It is clear that no player can secure a payoff strictly above
1at (0, 0).

On the other hand, the game possesses mixed strategy equilib-
ria since it is uniformly diagonally secure. To verify this, ford € X
and ¢ € (0, 1), define d = (d;, d,) as follows:

_ d,’ ifdi>0,
di=1¢
4

ifd; =0,
It is a little tedious but not difficult to show that, for every x €
X, Fg(d, w) > Fg(d, x) — & for all w in some open neighborhood
N (x).8

fori=1,2.

4. Weak uniform payoff security

The Sion and Wolfe (1957) game is a better-reply secure
game that has no Nash equilibria. Its mixed extension is upper
semicontinuous-sum, but is not payoff secure (see Carmona,
2005, Example 3). From now on, we study equilibrium existence in
games whose mixed extension is payoff secure. Example 2 shows
that there are better-reply secure games with a payoff secure
mixed extension which have no Nash equilibria.

The following definition extends Simon’s (1987, p. 577) concept
of weak domination on average to our setting.

6 If needed, a detailed explanation of this example can be found in the
Appendix of our working paper titled “On Uniform Conditions for the Existence
of Mixed Strategy Equilibria” at SSRN: http://ssrn.com/abstract=2023500 or
http://dx.doi.org/10.2139/ssrn.2023500

Definition 8. In G = (Xj, u;)i¢, player i's payoff function u;
is weakly uniformly transfer lower semicontinuous in the other
players’ strategies at x; € X; if for every u_; € AX_;) and
every ¢ > 0, there are a strategy o;(x;, u—i, €) € A(X;) and a
Borel set Q_; C X_; with «_;(Q_;) > 1 — ¢ such that for every
xi € Qu, U(oi(xi, i, &), w—y) > ui(x;, X)) — ¢ for all w_;
in some open neighborhood .#% ,(x_;) of x_; in X_;. The game G
is weakly uniformly payoff secure if each u; is weakly uniformly
transfer lower semicontinuous in the other players’ strategies at
every x; € X;.

There is some notational abuse in denoting in u;(x;, w_;)do;
(Xi, i, &) by Ui(oi(xi, u_i, ), w_;), but no ambiguity ensues.
The proof of the next statement follows the lines of the proof of
Proposition 3 of Simon (1987) and is relegated to the Appendix.

Lemma 3. If a game G = (X;, u;)ig; is weakly uniformly payoff
secure, then its mixed extension I"(G) is payoff secure.

The game studied in Example 2 is not only better-reply secure
but also has a payoff secure mixed extension. However it does not
possess mixed strategy Nash equilibria.

Example 2. Let I = {1,2},X = [0, 1] x [0, 1], and the payoff
functions are defined by

1
0 isz = X1+ E,
or (x1,x2) = (0, 1),

Xy = X1,

ur(x1,x2) = . 1
X, —x1—1 if0<x; <x <x1+§,
1 otherwise,
1
0 ifxy =X1+§, Xy = X1, Or
1
(x1,%2) € |:0, *) x {1},
Uz (X2, X1) = 2

1
1 if0§x1<x2<x1+5,

—1 otherwise.

Let us show that the game has no mixed strategy Nash equi-
libria. It is clear that there is no Nash equilibrium (%1, 1) with
ma({1h) = 1. _

Assume, by way of contradiction, that (11, 1) is a mixed
strategy Nash equilibrium of the game.

If 1 ({1}) = 0O, then the set D = {(x1,x;) € X : min{0, x, —
%} < X1 < Xy} must be a null set with respect to the product
measure T = [i; X [; otherwise, by choosing strategy 1
with probability 1, player 1 can increase her payoff. Then, in the
equilibrium, the payoff to player 2 is equal to — 1. However, player
2 can guarantee herself at least 0 by choosing strategy 1 with
probability 1, a contradiction. Therefore, 7, ({1}) > 0.Then it must
also be the case that 721((3, 1)) = 0.

The set D; = {(x;,X2) €X :0 <X; <x;,0 <x; < 5} must be
a null set with respect to the product measure i1; otherwise player
2 canincrease her payoff by shifting some weight from [0, %) closer
to 3. Theset Dy = {(X1, %) €X 1 X1 <X <X1+3, 0 <x1 < 3}
is also a null set; otherwise player 1 could benefit from shifting
some weight from (0, %) closer to O (recall that, on Dy, uq(-, xp) is
a strictly decreasing function for any x, € (0, 1)). Furthermore, the
set D3 = {(x1,x3) € X : X1 + % < X3 < 1,x; # 0} is a null set;
otherwise player 2 can increase her payoff by shifting some weight
from (3, 1) closer to 1.

If 21((0, 3)) > O, then the fact that D; U D, U D5 is a null set
implies that 1, ([0, 1)) = 0, which is impossible since there is no
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Nash equilibrium with 72,({1}) = 1. Thus, ;({0} U {%} U {1}
=1

If 1, ([0, %]) > 0, then 71;({0}) = 0; otherwise player 1 can
increase her payoff by shifting the mass 121 ({0}) to strategy 1 (recall
that u1(0, 1) = O0). Further, player 2 can increase her payoff by
shifting the mass 71, ([0, %]) to strategy 1if ;({1}) > 0, and, for
example, to % if Z£1({1}) = 0, a contradiction.

If 12((3. 1)) > 0, then Z1;({3}) = 0 (since fI>((5. 1) = 1),
and again player 2 can get a nonnegative payoff by playing 1 with
probability 1. Thus, &, ({1}) = 1, a contradiction.

We will now show, for completeness, that u; is weakly
uniformly transfer lower semicontinuous in player 2’s strategies at
every x; € X;. Denote by Sf the Dirac measure concentrated at x1.
One can see that the payoff function u; is uniformly transfer lower
semicontinuous in player 2’s strategies at any x; € {0} U [%, 1],
with o1(x1, pa, &) = 8% for every uy € A(Xz), and every ¢ > 0.
Fix some x; € (0, %), U2 € AXz), and & > 0. It is not difficult
to see that there is ¢’ € (0, ¢) such that both x; — ¢’ and x; + &’
lie in the interval (O, %), H12(Q2) > 1 —ewhereQ; =X \ ([x1 —
e XU X+ TUK 45— 1+ DU+ 3. 51+ 3 +€D),
and Ul(%(Sfl_s, + %82+8,, wy) > Uq(xq, X) — & for every x, € Q,
and all w; in some open neighborhood .4, (x,) of X, in X;. A similar
reasoning can be used to show that u; is weakly uniformly transfer
lower semicontinuous in player 1’s strategies at every x, € X,.

5. Equilibria of reciprocally upper semicontinuous games with
payoff secure mixed extensions

Verifying whether a game is transfer reciprocally upper
semicontinuous is often considerably easier than doing that for
its mixed extension. In this section, we study several classes of
better-reply secure games with payoff secure mixed extensions
that also have transfer reciprocally upper semicontinuous mixed
extensions.

Some reciprocally upper semicontinuous games can be trans-
formed into upper semicontinuous-sum games with the aid of
positive affine transformations. If this is the case, the game has
a reciprocally upper semicontinuous mixed extension. Exam-
ple 3 demonstrates that a conventional probabilistic spatial voting
model possesses this property.

Then we study equilibrium existence in reciprocally upper
semicontinuous games of two players on the unit square that have
a payoff secure mixed extension. Additional conditions are made
on the set of discontinuities of the payoff functions. In particular,
it is assumed that the discontinuities lie on one or two strictly
monotone, continuous curves.

We now introduce some notation. Recall that a function ¢ :
R — Ris a positive affine transformation if it can be written in the
form: ¢ (x) = ax 4+ b where a > 0 and b is any real number. Given
agame G = (Xj, u;)ic; and an n-tuple of positive affine transforma-
tions (¢4, . .., ¢,), we denote by @ (G) the game (X;, ¢;(u;))ic;. The
following three facts are straightforward.

(i) Let G = (Xj, uj)ies, and let (¢q, ..., ¢,) be an n-tuple of
positive affine transformations. Then Er) = Era(c))-

(ii) Let (¢4, . .., ¢n) be an n-tuple of positive affine transforma-
tions. Then G = (X;, u;);en is weakly uniformly payoff secure iff the
game @ (G) is weakly uniformly payoff secure.

(iii) Let (¢1, . . . , ¢n) be an n-tuple of positive affine transforma-
tions. Then G = (X;, u;);ey is reciprocally upper semicontinuous iff
the game @ (G) is reciprocally upper semicontinuous.

Theorem4. If G = (X;, u;)ier is weakly uniformly payoff secure,
and there is an n-tuple of positive affine transformations (¢, . . ., ¢n)

such that the game & (G) is upper semicontinuous-sum, then G
possesses a mixed strategy Nash equilibrium.

Proof. Since G is weakly uniformly payoff secure, the game & (G)
is also weakly uniformly payoff secure by fact (ii). Thus, I' (@ (G))
is payoff secure by Lemma 3.

The fact that @(G) is upper semicontinuous-sum implies that
I'(®(G)) is upper semicontinuous-sum. Since I'(®(G)) is the
same game as ¢ (I"(G)), the mixed extension I"(G) is reciprocally
upper semicontinuous by fact (iii). By Theorem 1, I"(G) possesses
a pure strategy Nash equilibrium. B

Example 3. Consider the following spatial voting model (see Ball,
1999, Example 1). Two candidates are competing in an election
for public office. The electorate is distributed uniformly along the
ideological spectrum [0, 1]. During the electoral campaign, each
candidate i announces, simultaneously with the other candidate,
a platform, denoted by x;. The probability P;(x;, x_;) that candidate
i wins the election is defined as follows:

Xi + X_i
£ forO<x;<x_; <1,

1
Pi(xi, x—y) = 3 for0 <x;=x_; <1,

Xi +X_i
1t

forO<x_;<x <1.

Candidates 1 and 2’s policy preferences on [0, 1] are repre-
sented by h1(z) = —3(z — 1)? and hy(z) = —32°. The candidates
are assumed to be office-motivated. Let the candidates’ office mo-
tivation parameters be k; = 0.05 and k, = 3, respectively. Candi-
date i’s payoff function is

ui(x;, x_i) = Pi(x;, x_) (hi(x;) + ki) + (1 — Pi(xi, x_))hi(x_y).

The game is not upper semicontinuous-sum and has no pure
strategy Nash equilibria.

Now we consider the game @ (G) = (X;, ¢i(1))ic(1,2) Where ¢4
and ¢, are defined by ¢(t) = %t and ¢,(t) = tfort € R,

respectively. It is not difficult to see that A%(G) is a continuous
function on X. Since G is uniformly payoff secure, G possesses a
mixed strategy Nash equilibrium by Theorem 4.

It is useful to notice that the voting game is an example of a
game with a better-reply secure mixed extension that is not upper
semicontinuous-sum.

In the next two theorems, we study the existence of mixed
strategy Nash equilibria in some basic better-reply secure games
of two players. To start with, we consider the case when all
discontinuities of the payoff functions lie on a strictly monotonic,
continuous curve. Denote ST = {(x1,x;) € [0,1] x [0, 1]
X2 > %1},5% = {(*1,x%) € [0,1] x [0,1] : % > x3}, and
S = {(X1,X2) : [O, 1] X [0, 1] X1 =X2}.

Theorem 5. Let G = (X;, Uj)ic(1,2) be a two-player game on the unit
square X1 x X, = [0, 1] x [0, 1]. Suppose that

(i) G is uniformly payoff secure and reciprocally upper semicontin-
uous; 4 ‘
(ii) there are continuousfunctionsfl? (S - R,i=1,2,j=1,2,
such that uj(x) = f/(x) forallx € ' and all i, j € {1,2};
(iii) u1(0,0) < f2(0,0) and u;(1, 1) < f1(1, 1);
(iv) the restriction of each u; to S, s, is a continuous function from
StoR.

Then G has a better-reply secure mixed extension, and, therefore, it has
a mixed strategy Nash equilibrium.
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Condition (ii) is stronger than the assumption that all points
of discontinuity of the payoff functions lie on S. In particular,
(i) implies that limy_, oo u;(x*) = ﬁ (x) for every sequence of points
{x¥},x* e &, that converges to x € S; that is, the limit value
does not depend on the choice of a sequence in §. Condition (iii)
may be replaced, if needed, with a number of other conditions,
such as: (iii") for every ¢ > 0 and each z € {0, 1}, there exists a
deviation strategy d;(z, €) satisfying the uniform payoff security
condition for player 1's strategy z that is different from z, or (iii")
1(0,0) < £(0,0) and ux(1, 1) < f2(1, 1).

Theorem 5 can be extended to a class of games where the
discontinuities of the payoff functions might lie on two strictly
monotone, disjoint curves. In particular, Theorem 6 covers the
games where one of the curves is strictly increasing and the other is
strictly decreasing.” We will show it for a representative game from
this class. For every h : R — R!, denote X = {(x1, x2) : h(x;) <
Xz}’xf = {(x1, X2) : h(x1) > X3}, and Xy = {(x1, x2) : h(x1) = x2}.

Theorem 6. Let G = (X;, Uj)ic(1,2) be a two-player game on the unit
square X; x X, = [0, 1] x [0, 1], and let h; : R' — R! be defined
by hi(x1) = 3x1 + 3 and hy : R' — R' by hy(xy) = —1x; + 3.
Suppose that

(i) G is uniformly payoff secure and reciprocally upper semicontin-
uous;

(ii) foreachi € {1, 2}, there are continuousfunctionsfil : ch,}l —
R,f? : dXp NcX, — R andf’ : cX? — R such that
u(x) = £l for every x € X} ui(x) = f>(x) for every
x € X2 N Xy, and u;(x) = f>(x) for every x € X ;

(iii) u1(1, 1) < f{(1, 1) and uy (1, 0) < f7(1,0);

(iv) foreach i € {1,2} and each | € {1, 2}, the restriction of u; to
Xny» Uilxy,» is a continuous function from X, to R.

Then G has a better-reply secure mixed extension, and, therefore, it has
a mixed strategy Nash equilibrium.

Condition (iii) of Theorem 6 may be replaced with a number of
other geometric conditions, if need appears.

Example 4. Consider the following deterministic spatial voting
model. Two candidates are competing in an election for public
office. The electorate is distributed uniformly along the ideological
spectrum [0, 1]. The candidate with the most votes wins. Each
voter casts his vote for the candidate that is closest to her
ideological position. During the electoral campaign, each candidate
i announces, simultaneously with the other candidate, a platform
x; € [0, 1] to which he commits if elected. The probability that
candidate i wins the election is

1, if(x+x_;— 1x_; —x) >0,
1
Pi(xi, x_i) = 5
0, if(xi+x_;— D(x_;j—x) <0.

ifx; +x_; = lorx; = x_;,

The inequality (x; + x_; — 1)(x_; — x;) > 0 represents the fact
that candidate i gets most of the votes. For example, if x_; > Xx;
and “0= > 1 then (x; + x_; — 1)(x_; — x;) > 0. The candidates’
loss functions on [0, 1] are represented by hi(z) = —%(z —1)?
and hy(z) = —%zz, and the candidates are assumed to be office-
motivated. Let the office motivation parameters be k; = 0.05 and

7 Equilibrium existence conditions similar to those presented in Theorem 6 can
also be provided for Sion-Wolfe-type games.

k, = 3, respectively. Candidate i’s payoff function is
ui(xi, X—i) = hi(x;) + Pi(x;, x_p)k;.

Thus, each candidate cares only about winning, and taking an
ideological position different from her ideal point is costly. It is not
difficult to see that the game has no pure strategy Nash equilibria.
Both Theorems 4 and 6 can be used to prove the existence of mixed
strategy Nash equilibria in this game, notwithstanding the fact
that the discontinuities of the payoff functions lie on both of the
diagonals of the unit square.

We now show how to apply Theorem 6 to this game. First notice
that every pure strategy z € [0, 2) of player 11is strictly dominated
by strategy 1. As a result, to show that the game under study
has mixed strategy equilibria, it is enough to investigate whether
its restriction G' to [%, 1] x [0, 1] has mixed strategy equilibria,
where the game G = (X], u})ic(1,2 is defined as follows: X] =
[g, 11, X5 = X, = [0, 1], uf (x) = u;(x) for every x € X] x X and
eachi.

One can see that G" is uniformly payoff secure. For example,
givene > 0,if x; = g then for every x, € [0, 1] there exists an
open neighborhood .44, (x;) such that u; (1, wy) > u1(§, X)) — €
for all wy € g, (x2). Ifx; € (2, 1], then there is § € (0,x; — 2)
such that for every x, € [0, 1], u1(x; — 8§, wa) > u;(xq1,Xx) — ¢
for all w, in some neighborhood %, (x,) of x,. Clearly, the game
is reciprocally upper semicontinuous. The existence of a mixed
strategy Nash equilibrium in G" follows from Theorem 6.

6. Conclusions

We use aggregator functions in conjunction with the Ky Fan
minimax inequality to study the existence of a mixed strategy
Nash equilibrium in diagonally transfer continuous games. Similar
to the approach based on the concept of better-reply security,
the aggregation-based approach is applicable to the upper
semicontinuous-sum games whose mixed extension is payoff
secure. However, if the sum of a game’s payoff functions of a game
is not upper semicontinuous, showing that its mixed extension is
either better-reply secure or diagonally transfer continuous often
constitutes an intractable problem. To alleviate it, the concept
of uniform payoff security is extended to diagonally transfer
continuous games by introducing uniform diagonal security. We
show that every uniformly diagonally secure game possesses a
mixed strategy Nash equilibrium, and, with the aid of an example,
that uniformly diagonally secure games need not be better-reply
secure.

After introducing a generalization of uniform payoff security,
called weak uniform payoff security, we provide an example of a
better-reply secure game with a payoff secure mixed extension
that has no mixed strategy Nash equilibria. Then we study the
existence of a mixed strategy Nash equilibrium in games that are
reciprocally upper semicontinuous and uniformly payoff secure.
We propose two sets of easily verifiable, geometric conditions for
a better-reply secure game of two players to possess a better-reply
secure mixed extension.

Appendix

Proof of Lemma 1. We shall first show that A¢(d, x) is transfer
lower semicontinuous in x. Let (d,x) € X x X and A € R be
such that Ag(d, x) > A.Then there are A, ..., A, € R such that
A=A+ -+ Aypand uy;(d;, x_;) > A;foralli e I. Since each u;
is transfer lower semicontinuous in x_;, there exist d; € X; and an
openneighborhood .#x_,(x_;) of x_; in X_; such that ui(d;, ) > M
for all z_; € .#%_;(x_;). Consequently, Ac(d,z) > A for every
Z € NMigr{Xi X Ax_;(x_)}.
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Since A(G’ is upper semicontinuous on X, the transfer lower
semicontinuity of A; in x implies the transfer lower semicontinuity
of F; in x. In particular, F; is O-transfer lower semicontinuous in x.

The Ky Fan minimax inequality

In Theorem 2, the Ky Fan minimax inequality is used in the
following, slightly generalized form. (See, e.g., Tian, 1992; Ding and
Park, 2002; Lan and Wu, 2002, for more general results).

Lemma 4. Let X be a compact convex set in a Hausdorff topological
vector space, and let f : X x X — R satisfy:

(i) f(x,x) < 0foreachx € X;
(i) f(-,y) is quasiconcave for eachy € X,
(i) f is O-transfer lower semicontinuous in y.

Then there exists y € X such that f(x,y) < 0forallx € X.

Lemma 4 can be shown in a number of ways. Its conventional
proofs are based either on the KKM lemma or on Browder’s fixed
point theorem, which are two equivalent results (see, for an in-
depth discussion, Yannelis, 1991). Let us give an outline of the proof
using Browder’s fixed point theorem. It proceeds by assuming, to
the contrary, that, for each y € X, there exists x € X such that
f(x,y) > 0.Then the correspondence M : X — X defined by
M@y) = {x € X : f(x,y) > 0} has nonempty values. The qua-
siconcavity of f in x implies that M has convex values. Since f
is O-transfer lower semicontinuous in y, M has a multivalued se-
lection with open lower sections (see, e.g., Prokopovych, 2011),
denoted by My : X — X. Then, by Lemma 5.1 of Yannelis and Prab-
hakar (1983), the convex-valued correspondence My : X — X de-
fined by Mo (x) = coMg(x) also has open lower sections. Therefore,
by Browder'’s fixed point theorem, the selection has a fixed point,
which contradicts (i).

Proof of Theorem 3. Suppose it = (i1, ..., Un) € AX) \ Er)-
Then there exists 0 € A(X) such that Fr (o, ) > 0.Sinceo isa
vector of probability measures, there existsd = (dy, ..., d,) € X
such that Fr( (8¢, #) > 0, where § = (87 ,...,87) is the
vector of Dirac measures concentrated at dq, ..., d, respectively.
With some abuse of notation, we will write Fj-()(d, ) in place of
Fre (83, w). Put &* = Fr (d, n) and denote liminf,,_, , F;(d, w)
by F.(d,x). Since G is uniformly diagonally secure, there is
d € X such that F.(d,x) > Fo(d,x) — % forall x € X.
Therefore F ., (d, ) > Fr(d, ) — % where F . (d, 1) =

Jx Fc(d, x)dpu. ~
The lower semicontinuity of F in x implies that Fre(, ) :

A(X) — R is lower semicontinuous (see, e.g., Aliprantis

and Border, 2006, Theorem 15.5). Consequently, F ., (d, uw) >

e*

Fre(d,n) — 5 > 0 for all 1/ in some open neighborhood
Aa(X) (1) of . Since Fg(d, x) > F.(d, x) for all x € X, we con-
clude that Fr)(d, ') > F . (d, /) > Oforall i’ € A (X)(w),
which means that I"(G) is diagonally transfer continuous.

Proof of Lemma 3. Fix some &t = (1,..., un) € AX), e > 0,
and i € I. We have to show that, for each i € I, there are a
strategy o; € A(X;) and a neighborhood ., x_,(1—;) such that
Ui(oi, /VLLI) > u;(u) — ¢ for all M/—i € JVA(X_,-)(H—:’)-

Fix some i € I. There is x; € X; such that Uj(x;, u_;) >
ui(n) — %. Since G is a bounded game, there exists B > 1
such that |u;(x)|] < B for every x € X. Pick o;(x;, i, 48—8) €
A(X;) and a Borel set Q_; C X_; with u_;(Q_;)) > 1 — =
such that lim infw_,-ax_i Ui(oi(xi, t—i, %), w_;) > ui(x;, X_j) —
sza for every x_; € Q_;. For the brevity of notation, denote

liminfy,_x_, Ui(oi(Xi, u—i, 35), w—i) by U;(0i(Xi, iy 35)5 X—i)-
Then

€
/Q,- (Gi (Xi’ H—is @) ,X—i> du_;
€ €
= o Q,‘ (Ji (Xh M—i, @) y X_l‘) dp(,_i — Z

e 3e
> / ui (X, x_j)dp_; — 3 > Ui(xi, —i) — vike Ui(u) — &.
Qi

The lower semicontinuity of U;(oi(x;, n—i, 48—3), -) implies that
U;(0i(xi, iy 55)» )+ AX_j) — R defined by U;(0i(xi, —i, 35)»
M) = fgi(o,-(xi, Hi, ﬁ),x,,-)du,,- is lower semicontinuous
in the second argument (see, e.g., Aliprantis and Border, 2006, The-
orem 15.5). Consequently, U;(0i(x;, 4 —i, 75), ;) > Ui(u) — &
for all 4’ ; in some open neighborhood 4 x_,)(pt—;) of ;. On
the other hand, since Ui(0i(Xi, i, 53), u_) > [ Uj(oi(xi, pi—i,
&), x_)du’_; forevery u’; € A(X_;), we have that U;(o;(x;, i,
&) 1) > Ui(u) — e forevery u’; € Aax_;)(i—;), which com-
pletes the proof.

An auxiliary Lemma

Lemma5. Let X = [0, 1] x [0, 1], and p; € A([0,1]),i = 1,2,
and let D be a Borel subset of [0, 1]. Then the set D = {(z,z) €
[0,1] x [0,1] : z € D} is a null set with respect to the product

measure . = (1 X W iff n(x) = 0 foreveryx € D.

Proof. Assume that p(x) = O for every x € D. We have to show
that u(D) = 0.

First consider the case where, for somei € {1, 2}, u;(x) = 0 for
all x € D. Fix some arbitrary ¢ > 0. Since p; has no mass points
on D, there exists a finite disjoint collection {Dy};._; of subsets of
D such that D = U} Dy and u;(Dy) < ¢ for all k. Then (D) <
Y Dp x D) = Y piDpu—i(Dy) < eu—i(D) < e, which
implies that (D) = 0.

Let both w1 and -, have mass points on D. Each u;, as a finite
measure, can have at most a countable number of mass points.
Denote by C; the set of mass points of w; on D. Since pu(x) = 0
foreveryx e D,C; NG = @.

Fix some arbitrary ¢ > 0. Since C; N C; = o, it is possible to
associate with every x € C; a Borel set D(x) C [0, 1] containing x
such that x4 (D(x)) < 241(x) and u»(D(x)) < 5.LetD; = D\ G;.
The set Dy is Borel, and 4, is nonatomic on it. Denote by C;(D;) the
set {(z,z) € [0,1] x [0,1] : z € Cy(z € Dy)}. Itis clear that C;
is at most countable and w(D;) = 0. Then, since D = C; U D; and
C1 N Dy = o, we have that u(D) = u(Cy) + n(D1) = n(Cy) <
Y vec, M1 D@2 (D) < Yy, 2u1 ()5 <e. W

Some Comments on Theorem 5b of Dasgupta and Maskin (1986)

It is difficult to overestimate the influence of Theorem 5b of
Dasgupta and Maskin (1986) on the subsequent development of
equilibrium existence theory. As was pointed out by Bagh (2010),
the proof of Theorem 5b requires stronger assumptions than those
made initially by Dasgupta and Maskin (1986). In what follows we
show that the modifications needed are almost impalpable.

Consider a two-player game G = (X;, Uj)ic(1,2) on the unit
square, X = X; x X, = [0, 1] x [0, 1], where the payoff functions’
discontinuities lie on the main diagonal of X. Let S' = {(x1, x) €
[0, 11%[0, 1] : x5 > %1}, S% = {(x1, x2) € [0, 1]x[0, 1] : X1 > X5},
and S = {(x1,xp) : [0,1] x [0,1] : x; = X»}. Denote the set
of points at which the sum of the payoff functions is not upper
semicontinuous by Sp; thatis, Sp = {x € X : limsup,_,, Ag(y)
> Ag(x)}.
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Theorem 7. Consider a two-player game G = (X;, U;)ic(1,2) on the
unit square X = [0, 1] x [0, 1]. Assume that

(i) there are continuousfunctionsﬁ oS - R,i=1,2,j=1,2
such that u;(x) = f/(x) forallx € § and all i, j € {1, 2};

(ii) foreachi € {1, 2} and every x € S, there exists j € {1, 2} such
that

f0=u® = f7®;

(iii) for every point x = (z,z) € Sp, there exist i,j € {1, 2} such
that lim,{_)ooﬁ(x{-‘, z) > u;(x) for some sequence {(xf-‘, 2} cs
converging to x;

(iv) ifﬁ(x) > ui(x) for some x € Spandi,j € {1,2}, then
Fio <uq;

(v) A2(x) < maxje(1.2)1fi(x) + f5(x)} foreveryx € S.

Then G has a mixed strategy Nash equilibrium.

One can check that (i) and (ii) imply that both the initial
game and the auxiliary game constructed in the proof are
uniformly payoff secure. Condition (iii) is slightly stronger than
the assumption that for every point x = (z,z) € Sp, there exist
i,j € {1, 2} such thatf,-] (x) > u;(x). The difference between them
pertains to the points (0, 0) and (1, 1) only. The strengthening is
needed to make it impossible for an equilibrium product measure
of the modified game to have mass points at (0, 0) or (1, 1).

Proof. Define A2 : X — Rby A2(x) = uy(x) + u(x) for every
x € X.Itis not difficult to see that Sp = {x € S : maxj€{1,2}(f{(x) +
fr(x)) > A2(x)} is a Borel set in X.

The proof follows the general lines of Theorem 5b of Dasgupta
and Maskin (1986). First we will modify payoffs on Sp so as to
make the sum of the payoff functions upper semicontinuous on
X. However, at every x € Sp we will modify only one player’s
payoff, without changing the other player’s payoff. It is possible

because if x € Sp, then, for some j(x) € {1, 2}, Zie{]ﬁz}fg(")(x) >
D ic12) fi_j(x)(x); that is, in the modified game, the equality
Yien 00 = AL(x) will imply that A2(0) = 31 /i7" ().

Ifforx € Sp, Y. (0 > Yicy1.2 i (%) for somej € (1,2},
then put j(x) = j, and, if 3", 1) = Xy 7 ®), pick j(x)
such that {(x) (x) > uq(x). Denote by i(x) the index i such that
Y00 > uit0).

Define the modified payoff functions as follows: for any x €

X\ Sp, Uj(x) = u;(x) fori e {1, 2}; forany x € Sp, U;(x) = u;(x) for
ie(1,2)\ {i(x)} and

iy (1) = f5) (1) — (Ui ®) — 150 ()
= max (7109 +£9) — Uigy ().

Let us show, for example, that u; is Borel measurable on X.
Denote Sp = {x € Sp : i(x) = i},i = 1,2.Itis clear that
Sp = S1pUSyp. The set Syp, iniits turn, consists of the following three
subsets: S = {x € Sp : Zie{],Z)fil(X) = Zie{],z)f,‘z(X)},sllD =
{x €S Zie{l,z}fil(x) > Zie{l,z}fiz(x) and f (® > u(x)}, and
Stp =X €501 Yicn g F 0 > X fi' @) and fE(X) > ur ().
Thus, S1p is a Borel set, which, in particular, implies that i, is a Borel
measurable function. Clearly, U, is Borel measurable on X as well.

Itis useful to notice that; (x) +1 (x) = maxje(1.2)(fi (X)+f (X))
foreveryx € S.Asaresult, the functionA%is upper semicontinuous
on X.

By Lemma 2 and Theorem 3, G has a mixed strategy Nash
equilibrium, & = (111, 7).

Let us show that 2(Sp) = 0. Assume, by way of contradiction,
that 72(Sp) > 0. Since the set Sp is Borel and lies on the main
diagonal of the unit square, it is clear that the set {z € [0, 1] :
(z,z) € Sp}is Borel (see also Kechris, 1995, Theorem 15.1). Then,
by Lemma 5, 7i(Sp) > 0iff zi(x) > 0 for some x = (z, z) € Sp. That
is, Wi(z) > 0 foreachi € {1, 2}. By (iii), there existi € {1, 2}
and some sequence {(x¥,z)} C S® converging to x such that
lim, o0 /% (¢, ) > (). Then, it is not difficult to see that for
every ¢ > 0, there exists §(¢) € R\ {0} such thatz +é(¢) € [0, 1]
and, for every d; € (z,z + 8(¢)], Ui(d;, x_;) > Ui(z, x_;) — & for all
x_j € X - -

Since ﬁi(i) > 0, Ui(82, i—) = maxyeacx) Ui(ii, i—). On the
other hand, Ui(87, 1—i) = R-i(D)ui(2,2) + [jg 1)\ () Ui (@ X-) L.

Fix some ¢ € (0, %ﬁ_,-(z)(ﬁ(x) (z,z) — Ui(z, 2))). Pick some d; €
(z,z + 8(e)] such that Ui(di, 2) = ¥, 2) > 1%z, 2) +
Uj(z, z)). Then Ui(SZ,ﬁ—i) — U2, n-) > m-i@)@(di, z) —
Ui(z,z)) — & >_0, a contradiction.

Therefore, Uj(ft) = U;(it), i = 1, 2. Since [ is a mixed strategy
equilibrium of G and, by construction, U;(i) > U;(u) for each
i € {1,2}andevery u € A(X), we conclude that 7 is also a mixed
strategy Nash equilibrium of G. B

Results similar to Theorem 7 can also be shown using Simon
and Zame'’s (1990) endogenous sharing rule approach, which was
applied by Siegel (2009) to all-pay contests and by Klose and
Kovenock (2013) to all-pay auctions with complete information
and identity-dependent externalities.

Proof of Theorem 5. For a given § > 0 and z € [0, 1], let C5(2)
denote the set of all z/ € [0, 1] such that |2/ —z| < 2. For
x = (x1,x2) € [0, 1] x[0, 1],let Cs(x) = Cs(x1) X Cs(x2). Denote by
%o, the o -algebra of Borel sets on [0, 1]. For every v € A([0, 1])
and a Borel set Y C [0, 1], denote by vy the restriction of the
probability measure v to Y; that is, vy (A) = v(Y N A) for every
A € Bjo,1). 1fv(Y) > 0, then denote by v}y the probability measure

defined by vy (A) = ”(V’E;;‘) for every A € Zo.1).

We will show that every game on the unit square satisfying
(i)-(iv) has a weakly reciprocally upper semicontinuous mixed ex-
tension. Consider a sequence of u* = (u’{, ,u’g) € A(X) converging
weakly to & = (fi1, f2) € A(X) such that lim Uy, (1%, m =1, 2,
exist and lim ,U;(u*) > U;j(@) for some i € {1,2}. We have to
show that there exist m € {1,2} and u, € A(X;) such that
Un (i, A—m) > lim  Up ().

Since U; jumps down at 1t along the sequence { u"}, it must be
the case that 12(S) > 0. Let us first consider the case where each i,
has a finite number of mass points. Denote by W (2) = {y', ..., %}
the set of mass points of 71 belonging to S, where y* = (2%, z°), s =
1,...,L.ByLemma5, ii(S) = 3 .y 4(). Then, for some small
enough’S\] > 0,G, (¥ )NG, (") = oforalls, t € {1,...,L},s #t,
and, for eachs € fl, ce L}, an({z) =0,m=1,2,foreveryz €
G, (z°) \ {z°}. In particular, the latter implies that ﬁ(anl )N =0
for eachs € {1, ..., L}. Assume also that lim kUm(/L’I;HE31 ' 7L
exists for each s € {1,..., L} and each m € {1, 2}; if not, consider
a subsequence of {;1¥} possessing this property.

Lety! € W () be such that lim;, fc& oh uduk — fc31 oh Widit >

a > 0. Then there exist j; € ({1,2} and a subsequence of
{u*}, denoted again by {u*}, such that f'(y") > u;(y") and
limy 12" (G5, (") N'S"1) > 7i(G;, (y") N S'"). The reciprocal upper
semicontinuity of G implies that fi()ﬂ) < u_ij(y"). Define

1 , 4
boi = S (") — LM im (G, (v N )

— (G, ") NS,
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Since all fl] i,j € {1,2}, and ujs,i € {1, 2}, are uniformly
continuous on their respective compact domains cl$’ and S, for
every ¢ > 0 there exists 6(¢) € (0, 571] such that, for all i,j €
{1,2}, ’fij(x’) —fij(x”)‘ < gforallx’ and x” in cl§ with ”x/ — X’ H <
26(e) and ‘uﬂs(x’) - ui|5(x’/)‘ < ¢ for all ¥ and x” in S with
]x’ —X”H < 28(¢).

It follows from the uniform payoff security of G that, for each

s € {1,...,L}, there exists d_;(zs, 2”512) € X_, such that for every

X € Xj, u_,(d_,(z 2M) w;) > u_i(z%, x;) — 23+2 for all w; in some
neighborhood 4%, (x;) of x; in X;. For each s € {1, ..., L}, pick some
85 € (0, 8(355)] such that By, (z°, ;) C A%, (2°).

_i € X_j and81 € (O 81]
such that U_i(d';, @) > limU_;(z* 1S, @) i Ky +

We want to show that there exist d’

2 l(C(s @’
Consider first the case where y' € S\ {(0,0) U (1, 1)}. Put
d', = d@z',%!) and 8, = 3. Notice that U_i(d', i) =
u_i(d',, xl)duﬁr le (1) U-i(dL, x)dfki. Since u_;(d;, x;)

— % for every (x_;, x;) € E(;] " x X \Eal "),

fx,-\ﬁs] "
> U (X, X;)

U-i(dLy, i, 1)
= o~ o~ ~ b—'
> U—i(Rifey, o1y Hip G, @) — HilXi \ G, (Zl))*1~
Slnce pq(acsl (zl)) = U_ l(acsl (z")) = 0,u_; is continuous on

Cs ) x (X; \Cs1 (z")), and the sequence {(z* i, @y Mz\X\Cg (zl))}

converges weakly to (/L,”Ca] @)» “ilxi\% 1))» we have that
= o~ N T =k k 5

UoiCli®y, @1 i, 1) = B Ui (2385 1) &, 1))
Therefore,

T~
U—i(dZ, Hip &, @)

> imU_(F* 2, 1) oz 1)) — i\ G (21))5.

kG @) PG, 1) 1 1 2

A further important fact is that u_,»(dli, Xi) >

b_; ~
SUPye; (21)x Gy, (21) u_i(y) — 5 forevery x; € G, (z1). To under-

stand it, notice that for some z; € E(;] "),
uiz'z) > sup u () —
yeCs, (2)xCs, @)

which would not be necessarily true if y! were (0, 0) or (1, 1).
Moreover, u_i(dll,z,) > u_i(z, z,) — E and u_;(d',, x;) —

. — bii
U—zO’) 7 .

It follows from the definition of b_; that_for some subse-
quence of {;*}, denoted again by {u*}, 711 (Cs, (z")72(Cs, (1))

lim U _I(Mfml(z ),M”C&](Zl)) > b,

u_i(d';, z) > — = forevery x;, z; € Cgl (Z! )
Then

U—i(dl_,w ﬁuﬁ;l(zl)) > ﬁi(a%] ") ( _ sup

yeCs, () xCs, @Y

SUP ey (21)xGy, 1 U-i V) —

and, therefore,
WiCs, (2" sup uL(y)
yeCs, @) xCsy (21
k
Fogen b

> limU_; = s My 1 +A~7
ko LG, @) 1 @D | T (G, 2Y))

k
ol o~ —ilCs, @) _
Then U_l(dii, Milca (zl)) > lim kU_I(W’ 'LLI\C,; @! ))
,u,,(C(gl (Zl)) 5 +W Sincellmku’ii(C5l(z1)) = —z(C81 "),

we have that

k
Roigs, @ s

limU_;
k ! (CS (Zl)) IIC(;] @)

_1; (k- k_
- 11’1;n U—l(:u’_i‘cé-l (z])s :u/ilcrh (Zl))’
and, therefore,

Uidy, ) > im U (2, s 7))
b_;
H_i(Co, (21)

which implies that U_;(d', ;) > lim kU,,-(ﬁ"_”aS o wh +
1
b_j
2[-i(Csy 21 °
Consider the case where y! = (0, 0). If —i = 1, then, since
ji = 1by virtue of (iii), put d} = & = 8(%). In this case,

~ ~ b_;
— (Ai(Cs, (21) + 1i(X: \ G5, (Zl)))7 +

it is clear that u_;(d}, x) > SUPye;, (2%, (21) u_i(y) — % for
every x; € Egl (0). The rest of the argument is quite similar to that
provided above. Let —i = 2.1If j; = 1, then the uniform payoff
security condition for player 2’s strategy 0 can be made use of. If
j1 = 2 and £,/(0,0) > uy(0,0), then, putd} = §; = 8(%). If
j1 = 2 and le (0,0) < uy(0, 0), then the uniform payoff security
condition for player 2’s strategy 0 can be made use of. The case
where y' = (1, 1) can be handled in a similar manner.
We will now describe how to pick, foreachs € {2, ..., L}, d®;

X_jand & € (O, S(ZHZ)] such that U_ ,(d‘l,u,) > llmkU i
i, 1) — s Lty € X\ (0.0 U (1, D). If
u—i(y*) > min{f!,("), f3,0")} oru_;(y°) = f1,(°) = f%(°), then
it is possible to make use of the uniform payoff security condition
for player —i's strategy z5. lfy is a point of discontinuity of u_;
and u_;(y*) < f1,0°) < f7() for some j € {1,2}, then, to
avoid ambiguity in notation, denote | = —i = {1, 2} \ {i}, and
putd®;, =2z° 4 (— 1)*1§ and 8, = § for some § € (0, 8(25+2)] such
that di, [0, 1].

Assume that y* = (0, 0) and —i = 2. It follows from (iii) that
u(0,0) > f7(0,0).1f £,/(0,0) > uy(0,0), then put &5 = & =
8(2111"2 ). lffzl (0,0) < u3(0,0), then the uniform payoff security
condition for player 2’s strategy 0 can be made use of.

Assume that y* = (0,0) and —i = 1. By (iii), u1(0,0) <
f2(0, 0). If, moreover, f'(0,0) < f2(0,0), then, put &} = & =
8(;—;"2). Iff](0,0) > fZ(0, 0), then it is important whether there
is some subsequence of {u*}, denoted again by {u*}, such that
limy 12" (G5,(0,0) N S") > 7(G,(0,0) N S"). If this is not the
case, then it is possible to choose a small enough & e (0, 8(22:'2 )]
This is

such that U; (8, [2) > limg U; (ﬁ’{lgss«)), uky — m

so because, by choosing §; close enough to 0, £(Cys (0,0) N ST)
can be made arbitrarily small, and, moreover, G is a compact game
and lim supy ¥ (Cp5,(0, 0) N S?) < 7i(Cys,(0, 0) N ST). However, if
such a subsequence of {u¥} exists, then one of the possible ways to
circumvent the obstacle is to repeat the above argument for player
2 (—i = 2), withy' = (0, 0) and j; = 1. A similar problem cannot
occur in this case even if y* = (1, 1) for some s > 2 by virtue
of (iii).
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Then
h}(‘n U—i(Mk_is /’Lf) = Zﬁ—i(c5s (ZS))
s=1,L

. —k K ~ _ —~
X llllgn U—i(l[’l/_ilass(zsy Mi() + U—f(ljf—i‘xii\u —Cgs(zs)s ,LLi),

s=1,L

and, consequently, it is not difficult to see that lim yU_;(u* ;, u¥) <
Y ooq1 M-i(Co (2N U_i(d, 1) + Ufi(ﬁfnx,,ﬂ\us:ﬁ@s(zs)a 1;). De-
fine u’; € A(X_;) as follows:

woi= ) -G @NsE + Ry
s=1L

s—11 Cos ()

Then we have that lim,U_;(u*,, u¥) < U_i(n’, [:), which
implies that I" is weakly reciprocally upper semicontinuous.

The case where each 7, has a countable number of mass points
can be treated similarly because i1 and 71, are finite measures and
G is a compact game. For example, let the set of mass points of
it lying on S, W (jz), be a countable set. Since U; jumps down at
1 along the sequence {u*}, there are y' € W(z) and §; > 0
such thailim infi, fq;(yl) wduk — fcé(y]) udi > a > 0 for every
8 € (0, §;]. Moreover, for every ¢ > 0 there exists §, € (0, §;]
such that Z(W @) \ {y1}) N G5, ") < e and 7(3Cs, (1) =
2_i(3Cs, (z")) = 0, which makes it possible to repeat the above
reasoning for Cs, (y!) with some small enough §; € (0,/8\1]. Then
pick another mass point from the set W (12) \Gs, (y"),if there are any
left in it. Denote it by y2. It is again possible to apply the argument.
However, in this case, it may be necessary to consider an infinite
number of the mass points of 72 lying on S.

Proof of Theorem 6. For the sake of notational simplicity, denote

X, by T, X2 N X} by T? and X2 by T>. Then, for each i €
1 1 2 2

(1,2}, ui(x) = f'(x) for every x € T', uj(x) = f*(x) for every

x € T? and u;(x) = f>(x) for every x € T°.

Consider a sequence of u* = (uX, u%) e A(X) converging
weakly to I € A(X) such that limy Ui(u*) > U;(jt) for some
i € {1,2}. Assume, without loss of generality, that each 7i,, has
a finite number of mass points and limy U, (1*), m = 1, 2, exist.
We have to show that there exist m € {1, 2} and u,,, € A(X;y) such
that Up, (I*L;n! ) > limy Uy, (Mk)

Since U; jumps down at 7 along the sequence {x*}, it must be
the case that £(Xs, U Xy,) > 0.Denote by W(ix) = {y',...,y"},
the set of mass points of 7t belonging to X;, U Xj,. Then Zl(X,,1 U
Xn,) = Y71 2(y*), and there exists some '51 > 0 such that
G, )N G, (yt) = gforalls,t € {1,...,L},s # t. Assume also
that limg Up (X ~ 5, u* ) exists for each s € {1,...,L} and

m(C. @) P =m
each m € {1, 2}. Without loss of generality, y' = (z],2;) € X,
and limy e, o1, wdp* — [ 1) widit > a > 0.

For some j; € {2, 3} and some subsequence of {Mk} denoted
again by {u*}, we have that f' (y") > u;(y") and limy, 1k (G, HN
T'') > [i(G;, (y'") N T'1). The reciprocal upper semicontinuity of G
implies thatfﬂ.(yl) < u_i(y"). Define

1 j j
boi = S (i) = o) Uikt (G, 01 N T

— G, H N TY).

Consider first the case where —i = 2. Since the details of the
argument in this case is similar to those that can be found in the

proof of Theorem 5, we will describe how to choose d} € X,

and 8; € (0, ;] such that Uy(d), 7t1) > limy UZ(EIZ(@ @y k) +
by 12

y! e Xn, \ ({(O, %)} U {(1, 0)}) can be handled with no difficulty

through making use of the uniform payoff security condition for

player 2’s strategy y;.

Lety' = (0, D).1fj; = 2 and u,(0, 3) > f7(0,4) orj; = 3
and u,(0, 1) > f2(0, 1); then one can make use of the uniform
payoff security condition for player 2’s strategy % to find suitable
d} and 8. If j; = 3 and u(0,}) < f2(0,1) orj; = 2 and
u2(0, ) < f7(0,3), thend} = ; + (—=1)U17V8; with a small
enough §; € (0,31].

Lety! = (1, 0). By virtue of (iii), u»(1,0) > f7(1,0).1fj; = 2
and u,(1,0) > f7(1,0) orj; = 3 and uy(1,0) > f7(1,0), then
the uniform payoff security condition for player 2’s strategy 0 can
be made use of. If j; = 2 and u,(1,0) = f23(1, 0) orj; = 3 and
u(1,0) < f2(1,0), then putd} = (j; — 2)8; with a small enough
81 € (0,31].

We now have to describe how to choose, foreachs € {2, ..., L},
a deviation strategy d5 € X, and a small enough §; > 0 such that
Ua(d5, 121) > lim, Uy (ﬁ’;@s e uky — ﬁ{?@ It is also done in
a schematic way.

Assume, for example, that y* = (0, 1) for some s € {2, ..., L}.
If u(0,3) > max{f2(0, 1),£(0, 1)}, then the uniform payoff
security condition for player 2’s strategy % can be used to find
suitable d and 8. Let u;(0, ;) < max{f?(0, 3),£(0, D}. If
f20, 1) = £7(0, ) (F7(0, 1) < f7(0, ). then put d§ = § + &
(& = % — &) with a small enough é; € (0,’8\1]. The cases where
¥oe X, \ {(0, 1y} for some s € {2,...,L} can be handled
in a similar manner. The only case worth mentioning separately
is where y* = (1,0) and f7(1,0) < f}(1,0). Recalling that
u(1,0) > f2(1,0) by virtue of (iii), put d&§ = 0 and pick a small
enough §s € (0,31]. A similar argument can be provided for the
mass points of i, lying on Xy, .

Thus, if, for some s € {1,...,L}, some j; € {1,2,3}, and
some subsequence of {:*}, denoted again by { "}, the inequalities
10 > w () and limy 14 (G5, () NT/Y) > (G5, (*) NT71) hold,
then it is possible to construct uy, € A(Xz) such that U (i}, 1) >
limy Uz (1%, 11%). Assume now that this is not the case; then —i =
1. We will now show that there exists u), € A(X;) such that
Ui (i), o) > limy Up (i, ).

Ifj; =2andy'is (1,0) or (1, 1), then put d; = 1 — §; witha
small enough §; € (0,'51] (here not only (iii) is used but also the
assumption that —i cannot be equal to 2). If y! € Xn, U Xp,) \
(1,0} U{(1, 1)}), then the uniform payoff security condition for
player 1’s strategy y} can be made use of to find suitable d} and 4.

If, for some s € {2,...,L},y° = (1,0) (or (1, 1)), then d] =
1 — §; with a small enough §; € (0,:3\1], which is possible owing
to the assumption that —i cannot be equal to 2. Let, for example,
¥ = (3,3 € X, \{(1,0)} forsomes € {2, ..., L}. Anattempt to
apply the uniform payoff security condition for player 1’s strategy
¥3 may not succeed here, since, in general, it is possible for dj to
coincide with y}. Denote by y = (y4, y4) the point belonging to X,
suchthaty? = y5.1fu  (v*) < f2(y*) andu; (y) < f2(y%), thend =
¥} + 85 with a small enough & € (0,31], which is possible since if
205 > ui () (1Y > ui(y?)), then it must be the case that
lim sup, 14 (Cs, (") N T?) < 7(Cs, (v°) N T?) (lim supy, s (Cs, (v N
T < (G, ) NTH). I ) > fE ) orus ) > f7 ("), then

in a schematic way. First notice that the cases where
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the uniform payoff security condition for player 1's strategy y$ can
be used to find suitable d} and é;.
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